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Abstract

Interpretable-by-design models are gaining traction in
computer vision because they provide faithful explanations
for their predictions. In image classification, these models
typically recover human-interpretable concepts from an im-
age and use them for classification. Sparse concept recov-
ery methods leverage the latent space of vision-language
models to represent image embeddings as sparse combi-
nations of concept embeddings. However, by ignoring the
hierarchical structure of semantic concepts, these methods
may produce correct predictions with explanations that are
inconsistent with the hierarchy. In this work, we propose Hi-
erarchical Concept Embedding & Pursuit (HCEP), a frame-
work that induces a hierarchy of concept embeddings in the
latent space and performs hierarchical sparse coding to re-
cover the concepts present in an image. Given a hierarchy
of semantic concepts, we introduce a geometric construc-
tion for the corresponding hierarchy of embeddings. Un-
der the assumption that the true concepts form a rooted
path in the hierarchy, we derive sufficient conditions for
their recovery in the embedding space. We further show
that hierarchical sparse coding reliably recovers hierarchi-
cal concept embeddings, whereas standard sparse coding
fails. Experiments on real-world datasets show that HCEP
improves concept precision and recall compared to existing
methods while maintaining competitive classification accu-
racy. Moreover, when the number of samples available for
concept estimation and classifier training is limited, HCEP
achieves superior classification accuracy and concept re-
covery. Our results demonstrate that incorporating hierar-
chical structure into sparse concept recovery leads to more
faithful and interpretable image classification models.1

1. Introduction

Machine learning has been adopted in many computer vi-
sion applications, including image classification, question
answering, and concept recovery, often matching or sur-

1Code at https://github.com/nghiahhnguyen/hcep.
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Figure 1. An illustration of hierarchical concept explana-
tions for image classification. Given an image of a cat, an
interpretable-by-design model should extract the concepts that
form a rooted path in the hierarchy, and use only these concepts
to classify the image as a cat. However, existing concept recov-
ery methods may extract concepts that are inconsistent with the
hierarchy, such as vehicle, leading to incorrect explanations.

passing human performance [33, 55]. However, the lack
of interpretability in these models’ predictions has raised
concerns about their trustworthiness [16, 40, 57].

Interpretable models in computer vision generally fall
into two categories: post-hoc explanation and interpretable-
by-design methods. Post-hoc explanation methods aim to
provide insights into the decision-making process of trained
black-box models [42, 56, 59, 61]. However, such meth-
ods often suffer from a lack of faithfulness and stability
with respect to the original pre-trained models [1, 5]. This
paper focuses on interpretable-by-design methods, which
build interpretability directly into the model training pro-
cess [2, 10, 29]. Such models usually consist of two steps:
(1) extracting human-interpretable concepts from the input
and (2) using only these concepts for downstream tasks such
as classification or regression.2 For instance, given an im-
age of a cat, an interpretable-by-design model would extract
concepts such as animal, furry, and short muzzle,
and then classify the image using only these concepts.

Recent methods for recovering human-interpretable con-
cepts from images differ in how they use supervision and
whether they can handle unseen concepts. In fully super-
vised concept recovery, a model is trained to predict a pre-

2There is an emerging use of Chain-of-Thought [67] as an interpretabil-
ity method, which is not fully interpretable-by-design; see §B.1.
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defined set of concepts [28, 29]. While effective, this ap-
proach does not generalize to unseen concepts and requires
annotations that are costly to obtain for large datasets with
many concepts. In concept-specific supervised recovery,
a model is trained to predict whether a given concept is
present in a given image. While this approach also requires
annotated data, by leveraging vision-language embeddings
such as CLIP [55], it can generalize to new concepts at
inference time [9]. Zero-shot concept recovery methods
rely solely on pre-trained vision-language models to predict
concepts without requiring additional annotations [45], al-
beit at the cost of runtime efficiency. Finally, sparse concept
recovery methods start with a predefined set of concepts and
identify those present in an image by representing the image
embedding as a sparse linear combination of the concept
embeddings [4, 8]. This approach is particularly scalable
because it focuses on selecting a small number concepts.

However, the aforementioned methods fail to capture hi-
erarchical relationships among concepts, such as those be-
tween hypernyms and hyponyms. For instance, in Fig. 1,
the concept hierarchy takes the form of a tree whose leaves
correspond to the object classes. In this case, there is a
unique path connecting each class to the root of the tree, and
the concepts along that path can be viewed as an explanation
for the class. For example, the explanation for cat in Fig. 1
is given by the path animal→ mammal→ cat. By ne-
glecting this hierarchy, existing concept recovery methods
may identify concepts that are inconsistent with it, leading
to unreliable explanations and predictions. We address this
limitation by drawing inspiration from prior work on the
geometry of hierarchical concepts in large language mod-
els [53] and from hierarchical sparse coding [25, 27, 35].
This leads to a hierarchical sparse coding formulation for
concept recovery that produces more reliable explanations.

Contributions. In this paper, we propose Hierarchical Con-
cept Embedding & Pursuit (HCEP), a framework that lever-
ages hierarchical relationships between concepts to improve
concept recovery for interpretable image classification. We
summarize HCEP below and highlight our contributions.

• Hierarchical Concept Embedding: In §3, we propose a
geometric framework for embedding a given hierarchy of
semantic concepts. More specifically, we identify the fol-
lowing ideal geometric properties for hierarchical con-
cept embeddings: embeddings of descendant synsets3

should be close to those of their parent synsets, while em-
beddings of sibling synsets should be well separated. We
also incorporate geometric conditions inspired by prior
work on the hierarchical geometry of large language mod-
els [53]. We analyze these properties theoretically and

3A synset is a categorical concept that groups all synonyms together
(e.g., cats). A concept is a higher level abstraction that includes synsets
and differences of synsets. One can view synsets as nodes in a hierarchy
and synset differences as edges.

verify them empirically in vision-language models.

• Hierarchical Concept Pursuit: In §4, we leverage the ge-
ometric properties of hierarchical concept embeddings to
propose a concept recovery procedure that proceeds in
two steps. First, it constructs a hierarchical dictionary
from pre-trained vision-language embeddings by taking
differences between the embeddings of parent and child
synsets. Second, it leverages hierarchical sparse coding
to recover a rooted path in the hierarchy, thereby recover-
ing concepts for interpretable classification.

• Interpretable Image Classification: In §5, we demon-
strate through experiments on synthetic and real-world
datasets that HCEP outperforms sparse concept recovery
baselines in concept recovery while maintaining compet-
itive classification accuracy. In few-shot settings, HCEP
outperforms all interpretable baselines in both classifica-
tion accuracy and concept recovery. We also show that
for datasets without a predefined hierarchy, we can con-
struct a meaningful hierarchy using taxonomy induction
methods [21, 39, 71] and still achieve improved concept
recovery using our framework.

2. Preliminaries

2.1. Interpretable-by-design classification models
Interpretable-by-design classification models often proceed
in two steps: (1) predicting human-interpretable concepts
from the input and (2) using this concept-based represen-
tation for classification. Depending on the approach, inter-
pretability may arise either from the use of linear classifiers
(e.g., in concept bottleneck models (CBMs) [29] the impor-
tance of a concept depends on the magnitude of the clas-
sifier coefficients) or from the selection of a small set of
most relevant concepts for classification (e.g., via informa-
tion gain [7] or semantic sparse coding [4, 8]). As a result,
the main design space in these models lies in reliable con-
cept prediction. CBMs use supervision to learn concept pre-
dictors; however, they are not scalable because they require
additional labeled data. Semantic sparse coding approaches
instead use pre-trained embeddings to extract concepts from
data, with the goal of representing an image embedding as
a sparse linear combination of concept embeddings. In this
work, we focus on extracting concepts from pre-trained im-
age embeddings via a sparse coding objective.

2.2. Sparse coding for concept extraction
Sparse coding aims to represent data as a sparse linear com-
bination of basis elements, typically chosen from an over-
complete dictionary [18]. Given an input signal x ∈ Rd and
a dictionary D ∈ Rd×k, sparse coding seeks a sparse vector
z ∈ Rk such that x ≈ Dz, where the sparsity of z en-
courages the model to use only a few dictionary elements to
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reconstruct the input signal. To find a sparse representation
z, we can solve the following optimization problem:

min
z
∥x−Dz∥22 + λ∥z∥0, (1)

where ∥ · ∥0 denotes the ℓ0 semi-norm and λ is a regular-
ization parameter that controls the trade-off between recon-
struction accuracy and sparsity. The optimization problem
in (1) can be solved using various algorithms, such as or-
thogonal matching pursuit (OMP) [54] or basis pursuit (ℓ1
relaxation) [11]. Intuitively, standard OMP finds a sparse
solution greedily: starting from the input x as the residual
error, it repeatedly selects the dictionary atom most aligned
with the current residual, adds that atom to the support,
recomputes the coefficients of the selected atoms by least
squares, and then updates the residual by subtracting its pro-
jection onto the span of the selected atoms (see Alg. 1).

In interpretable image classification, the signal x is typ-
ically the embedding of an image obtained from a pre-
trained model, the dictionary D consists of text embed-
dings corresponding to human-interpretable concepts, and
the magnitudes of the sparse coefficients in z indicate the
importance of the corresponding concepts for representing
the image [4, 8, 19].4 Thus, OMP can be viewed as iter-
atively asking which concept (atom) best explains what is
left unexplained by the current explanation (residual) [8].

However, sparse coding treats all columns of D equally,
and thus it neglects the hierarchical structure of the concept
set. For example, the synset vehicle can be further di-
vided into car, truck, and motorcycle, each of which
can be further divided into more specific synsets. These
concepts, which implicitly describe the difference between
a fine-grained synset and its parent synset, correspond to the
edges of the synset hierarchy. To capture this hierarchical
structure, we need to extend the sparse coding framework
to incorporate hierarchical relationships among concepts.
As motivation for this goal, we next briefly discuss related
work on geometric structure in vector embeddings.

2.3. Geometric Structures of Meanings in Vector
Embeddings

A notable example of geometric structure in vector embed-
dings is Word2Vec [46], where contrastive semantic rela-
tionships can be captured through vector arithmetic. More
recent work has explored linear and compositional struc-
tures in a vector space [26, 52, 62, 63]. Hierarchical compo-
sitional structures have also been studied for learning part-
based representations [31]. On the other hand, Park et al.
[53] connect hierarchical semantics to an orthogonality con-
dition: making a concept more specific should not interfere

4Although not the initial motivation, the validity of this approach is
supported by the linear representation and superposition hypotheses [17,
52, 58].
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Figure 2. Illustration of the hierarchical data model in R2. The
root node has two child nodes, animal and tree, each with
its own children. There are two desirable conditions for concept
identifiability: (1) children cluster around the parent while sibling
nodes remain separated; and (2) the difference between a child and
its parent (shown as red arrows) is orthogonal to the parent, and the
differences between the children of a parent form a simplex (which
is a line in R2). The difference vectors capture the characteristics
that distinguish each child from its parent. See §3 for more details.

with the coarser concept. This intuition can be written as

(vchild − vparent)
⊤
vparent = 0. (2)

where vparent and vchild denote representations along one
branch of a hierarchy. In the next section, we build on this
insight to design a hierarchical concept embedding model.

3. Hierarchical Concept Embedding
Given a hierarchy of semantic concepts, we seek vector
representations whose geometry facilitates hierarchical con-
cept recovery. In this section, we identify ideal geometric
conditions that hierarchical concept embeddings should sat-
isfy to enable such recovery, and later show that these condi-
tions are empirically supported in vision-language models.
The specific conditions we consider are the following:
• Well-clustered synset embeddings (§3.1): In the embed-

ding space, sibling synsets should cluster sufficiently
tightly around their parent, while remaining sufficiently
well separated from one another to be easily distin-
guished. As a consequence, concepts with different an-
cestries are well separated and can be reliably recovered.

• Hierarchical orthogonality (§3.2): Given a parent node,
the difference between a child’s embedding and the par-
ent’s embedding should be orthogonal to the parent’s em-
bedding. This condition helps preserve semantic meaning
across levels of the hierarchy in the embedding space.

Fig. 2 provides a two-dimensional illustration of the desired
geometry: descendants cluster around their parents, while
child-parent difference vectors capture refinements that are
orthogonal to the parent’s representation. These conditions
drive the design of the concept recovery algorithm in §4.

3.1. Well-clustered synset embeddings
To ensure that each node in the hierarchy can be uniquely
assigned to its parent, we impose geometric constraints on
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Figure 3. A hierarchy with L = 2 levels, branching ratio b = 2,
and NL = 6 nodes.

the embedding space. Specifically, consider a hierarchy of
synsets, such as the one illustrated in Fig. 3. Let 0 denote
the root node and A = {1, . . . , NL} be the set of non-root
nodes. Assume the hierarchy has L levels and that each
internal node has b children. For node i, let par(i), chi(i),
anc(i), and desc(i) denote its parent, children, ancestors,
and descendants, respectively. The level of node i is the
number of its ancestors, namely lev(i) = | anc(i)|. Our
goal is to associate each node i with a vector representation
a(i) ∈ Rd. The following proposition formalizes conditions
on {a(i)}NL

i=1 that guarantee well-separated subtrees.

Proposition 3.1 (Well-clustered hierarchy ensures unique
parent assignment). Suppose the following geometric con-
ditions hold for all nodes in the hierarchy:
1. Subtree containment: The vector representations of the

descendants of node i, {a(j)}j∈desc(i), are contained in
a cone with axis a(i) and half-angle θlev(i), i.e.,

∀i ∈ A, max
j∈desc(i)

∠(a(i),a(j)) ≤ θlev(i). (3)

2. Sibling-cone disjointness: For any parent node i and
any pair of distinct children j, j′ ∈ chi(i), their corre-
sponding subtree cones do not intersect:

∠(a(j),a(j′)) > θlev(j) + θlev(j′). (4)

Then the subtrees rooted at any two sibling nodes are dis-
joint, and every node has a unique parent.

All proofs are provided in App. D. A sufficient way to
satisfy both conditions in Prop. 3.1 is to impose a geometri-
cally decreasing half-angle schedule, as presented next.

Proposition 3.2 (Geometrically decreasing half-angle
schedule). If the half-angles satisfy

θl+1 ≤ min{r, 1/b} θl (5)

for some r ∈ (0, 1/2), there exists a placement of node em-
beddings such that the conditions in Prop. 3.1 are satisfied.

3.2. Hierarchical Orthogonality
Inspired by the geometric conditions on concept embed-
dings in large language models [53], we further impose hi-
erarchical orthogonality and simplex conditions on the con-
cept embeddings.
• A parent embedding is orthogonal to the child-parent dif-

ference vector. That is, for a parent node i, any child node
j ∈ chi(i) satisfies (a(j) − a(i))⊤a(i) = 0.

• The differences between the embeddings of two children
of node i, {a(j)−a(j′)}j,j′∈chi(i), form a (b−1)-simplex.

As we shall see in the next section, these conditions will
guide the construction of the dictionary we will use for hi-
erarchical sparse coding. However, for them to hold, the
embedding space must satisfy a minimum dimension re-
quirement, as stated in the following proposition.

Proposition 3.3 (Depth–branch–dimension necessity). In
a hierarchy with depth L and branching ratio b, suppose
all nodes satisfy hierarchical orthogonality and all sibling
nodes form a regular (b − 1)-simplex as in (30) and (31).
Then the embedding dimension must satisfy d ≥ L+ b− 1.

Intuitively, at depth l ∈ [L − 1], hierarchical orthogo-
nality imposes l+1 independent affine constraints, restrict-
ing children to a (d− l− 1)-dimensional feasible subspace.
Embedding a regular (b − 1)-simplex within that subspace
requires (d− l−1) ≥ (b−1). Evaluating this at the deepest
internal level l = L− 1 yields d ≥ L+ b− 1. This condi-
tion is satisfied in practice. For example, CLIP embeddings
have d = 768≫ 38 (14 + 25− 1 for WordNet’s depth and
maximum branching ratio).

4. Hierarchical Concept Pursuit
Given the concept embedding model described in §3, we
now turn to the problem of recovering the sparse representa-
tion of a signal generated from this model. To do so, we first
construct a hierarchical dictionary that captures the hierar-
chical structure of the synsets and concepts (§4.1). We then
propose a hierarchical sparse coding algorithm that lever-
ages this structure to improve sparse recovery (§4.2).

4.1. Hierarchical Concept Dictionary Construction
First, we define the hierarchical dictionary D as

D =
[
a(j) − a(par(j))

]
j∈A. (6)

Each column captures the difference between a synset and
its parent. We define a(root) = 0, so the atoms for root
children reduce to a(j) − 0 = a(j).

In the context of interpretable image classification, a(i)

represents the embedding of a synset within a concept hi-
erarchy, such as WordNet [47], while the difference a(i) −
a(par(i)) represents the concept that distinguishes the synset
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Figure 4. Illustration of the hierarchical sparse decomposition
in (8). Given an image of a cat, the correct explanation follows the
path from the root to the leaf node Cat (shown in green dashed
lines). The image embedding is expressed as a sparse linear com-
bination of the root child synset embedding (e.g., Animal) and
synset difference embeddings along the path (e.g., Mammal −
Animal, Cat − Mammal). The sparse code has non-zero en-
tries only for atoms corresponding to nodes on the correct path.

from its parent. For example, let node i denote the synset
bear and let node j ∈ chi(i) denote the synset polar
bear. Then the difference a(j) − a(i) can be interpreted
as the refinement that distinguishes polar bear from
bear, such as white fur. This construction of the dic-
tionary in (6) avoids trivial solutions in the sparse formu-
lation of concept recovery; for example, the sparsest ex-
planation for an image of a cat would otherwise be sim-
ply the concept cat. Note that the difference embeddings
have a grounded and interpretable meaning on their own,
as they represent directions that differentiate child synsets
from their parents. An illustration of this hierarchical sparse
decomposition is shown in Fig. 4.

Under this hierarchical dictionary, a synset embedding
can be written as a sparse linear combination of atoms along
the root-to-node path:

a(i) =
∑

j∈anc(i)∪{i}

(
a(j) − a(par(j))

)
, (7)

which follows by telescoping. Since a(root) = 0, the co-
efficients along the path are all equal to 1 in the noiseless
case. If an image embedding x is generated from synset i
with additive noise, i.e., x = a(i) + ϵ, then we expect a
noisy expansion with coefficients αj ∈ R:

x =
∑

j∈anc(i)∪{i}

αj

(
a(j) − a(par(j))

)
. (8)

Recovering the synset i is therefore equivalent to recovering
a sparse code whose support corresponds to the nodes on the
root-to-i path, although the coefficients may deviate from 1.

Algorithm 1 Orthogonal Matching Pursuit (OMP)

Require: x ∈ Rd, dict D, tol ϵ, max steps T
1: Init residual error r(0) ← x, sparse code z(0) ← 0
2: for t = 1, . . . , T do
3: if ∥r(t−1)∥2 < ϵ then
4: break
5: i⋆ ← argmaxi

∣∣∣ ⟨r(t−1),d(i)⟩
∥r(t−1)∥2 ∥d(i)∥2

∣∣∣
6: S(t) ← supp(z(t−1)) ∪ {i⋆} ▷ extend support
7: z(t) ← argmin

w:supp(w)⊆S(t)

∥x−Dw∥22 ▷ update code

8: r(t) ← x−Dz(t) ▷ update residual
9: Return z(t⋆) where t⋆ ∈ argmint ∥r(t)∥2

Algorithm 2 Hierarchical Beam OMP (HB-OMP)

Require: x ∈ Rd, dict D, tol ϵ, max steps T , children
map chi(·), beam size B, residual error vector rh for
hypothesis h

1: Init with a null hypothesis set: H(0) ←
{(

0,x, root
)}

▷ each hypothesis consists of (sparse code, residual, last
node index)

2: for t = 1, . . . , T do
3: if minh∈H(t−1) ∥rh∥2 < ϵ then
4: break ▷ some hypothesis have a small residual
5: Hnew ← ∅
6: for h = (z, r, ilast) inH(t−1) do

7: Iactive ← chi(ilast)

8: ci ←
∣∣∣ ⟨r,d(i)⟩
∥r∥2 ∥d(i)∥2

∣∣∣ for all i ∈ Iactive

9: C ← top-B indices of ci in Iactive

10: Hnew ← Hnew ∪ EXTENDHYPO(h, C,x,D)

▷ Alg. 3
11: H(t) ← B lowest-∥rh∥22 hypotheses inHnew

12: Return zh⋆ where h⋆ ∈ argminh∈H(t) ∥rh∥2

4.2. Hierarchical Beam OMP (HB-OMP)
Given the hierarchical dictionary in (6), our goal is to re-
cover the sparse code z whose support corresponds to the
root-to-leaf path of the generating synset (7). As discussed
in §2, standard OMP greedily selects the atom most aligned
with the current residual and then recomputes the active co-
efficients. If OMP were applied to our hierarchical dictio-
nary, it would treat all atoms as if they were at the same
level of the hierarchy, selecting the most correlated atom at
each step without respecting the hierarchy. Therefore, OMP
may select atoms that violate the hierarchical structure (e.g.,
choosing both animal and vehicle at the same level).

In this work, we exploit the hierarchical structure with a
coarse-to-fine search: at each step, we consider only chil-
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Algorithm 3 Extend Hypothesis with Sparse Update

Require: hypothesis h = (z, r, ilast), candidates C, signal
x, dict D

1: Hnew ← ∅
2: if C = ∅ then ▷ leaf reached because no children
3: Add h toHnew ▷ keep hypothesis
4: returnHnew

5: for each i ∈ C do
6: S ′ ← supp(z) ∪ {i} ▷ extend support
7: z′ ← argmin

w:supp(w)⊆S′
∥x−Dw∥22 ▷ update code

8: r′ ← x−Dz′ ▷ update residual
9: Add (z′, r′, i) toHnew

10: returnHnew
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Figure 5. Hierarchical OMP has improved support recovery pre-
cision and recall compared to standard sparse coding methods on
synthetic data.

dren of the current node, descending one level at a time.
This yields Hierarchical Beam OMP (Alg. 2), a variant of
Hierarchical OMP [27, 35] augmented with beam search.
HB-OMP maintains a set of hierarchically valid support hy-
potheses, each a partial root-to-node path, and iteratively
extends and prunes them according to reconstruction error.
Relative to the standard OMP procedure introduced in §2.2
and detailed in Alg. 1, there are two key modifications:

1. Path-restricted extension: only children of the deepest
explored node are eligible for selection in Alg. 2, re-
stricting the search to hierarchically valid supports.

2. Beam search: the algorithm maintains the top-B hy-
potheses ranked by residual norm, mitigating error ac-
cumulation. An incorrect early decision (e.g., animal
vs. object) does not propagate to all lower levels.

We next give an informal proposition explaining the
source of this support-recovery advantage. See the formal
statement and proof in App. D.5.
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Figure 6. CLIP image embeddings for ImageNet are tightly
clustered. (Left): For a fixed node i, we show the proportion of
non-descendants of i whose embeddings intersect the cone of i.
(Right): For the same node i, we show the mean angle violation,
with non-violating angles counted as 0.
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Figure 7. Observed hierarchical orthogonality in CLIP image
embeddings for ImageNet. The cosine similarity between child-
parent difference vectors and their parents is close to zero, while
random pairings have significantly higher cosine similarity. This
suggests that hierarchical orthogonality [53] holds even in pre-
trained models.

Proposition 4.1 (Informal). Suppose that, at each iteration,
HB-OMP extends a hypothesis whose support is a prefix of
the true root-to-leaf path. Then its next selection is less
likely to introduce an atom outside the true hierarchical
support than OMP’s selection.

This result supports our choice of using beam search to
explore multiple hypotheses, as it increases the likelihood
of recovering the correct hierarchical support. Beam search
also mitigates error accumulation in the top-down search:
by maintaining multiple hypotheses at each level, an incor-
rect early decision (e.g., animal vs. object) does not
necessarily propagate to all lower-level explanations.

5. Experiments
In this section, we show that HCEP improves hierarchical
concept recovery on both synthetic (§5.1) and real-world
datasets (§5.2). Across settings, the main empirical pattern
is consistent: HB-OMP recovers the correct support more
accurately than OMP, and these gains are especially pro-
nounced in few-shot regimes where the hierarchy provides
a strong inductive bias.

5.1. Synthetic Experiments
We first compare the performance of HB-OMP (Alg. 2) with
OMP (Alg. 1) on synthetic data generated from the Hierar-
chical Concept Embeddings model in §3. We evaluate the
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Figure 8. Interpretable image classification on CIFAR-100 (top) and ImageNette (bottom). HCEP achieves state-of-the-art support pre-
cision and recall while maintaining comparable classification accuracy at a sparsity level matching the depth of the hierarchy (5 for
CIFAR-100, 4 for ImageNette).
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Figure 9. As we reduce the number of images per class in ImageNet, HCEP consistently improves test classification accuracy, support
precision, and support recall over all baselines. Results are shown at sparsity level 14.

reconstruction error and the recovery of the ground-truth
sparse support (i.e., the path from the root to the leaf node)
under varying noise levels and hierarchy depths.

We choose a branching ratio of b = 3, a hierarchy depth
of L = 7, and a dimension d = 50. Note that this dimension
satisfies the depth-banch-dimension condition in Prop. 3.3
since d = 50 ≥ 7+3 = 10. This gives us 2, 187 leaf synsets
and 3, 280 atoms in the dictionary. We generate 5 samples
per leaf for a total of 10, 935 samples. Further details on
how the synthetic data is generated can be found in App. E,
and the hyperparameters can be found in App. F.1.

As it can be observed in Fig. 5, HB-OMP consistently
outperforms OMP in both precision and recall. This demon-

strates the effectiveness of incorporating hierarchical struc-
ture into sparse coding for improved concept recovery.

5.2. Real-World Experiments
In this section, we evaluate HCEP on real-world image clas-
sification tasks. We first describe how we construct the hier-
archy and dictionary, then present the experimental setting
and results. More details are provided in App. F.3.
Datasets. We evaluate on (1) ImageNette [22], (2) Ima-
geNet [14], and (3) CIFAR-100 [32]. For ImageNet-based
datasets, we use the WordNet hierarchy, which has L = 14
levels with branching ratios up to b = 25, demonstrating
that HCEP can handle complex, large-scale hierarchies. For
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CIFAR-100, we use taxonomy induction methods [71] to
construct a hierarchy over the classes.

Hierarchy and Dictionary Construction. We obtain the
embedding of a class, which is a leaf node, as the average
of the CLIP image embeddings for that class. We obtain the
embedding of non-leaf synsets as the average of their chil-
dren’s embeddings. We construct the hierarchical dictio-
nary as in (6) and keep it fixed throughout the experiments.

Baselines. (1) OMP [8, 54] with the full dictionary; (2)
CBMs [29] which use supervised concept annotations to
learn a concept predictor; (3) a Nearest Neighbor (NN) clas-
sifier that uses the class synset embeddings directly, which
can be viewed as a black-box classifier; and (4) Hierarchi-
cal NN (HNN), which traverses the hierarchy using nearest
neighbor search at each level and serves as a hierarchical
interpretable-by-design baseline.

Evaluation Metrics. We evaluate the models based on
(1) classification accuracy; (2) support precision and re-
call, which measure how well the recovered sparse sup-
port matches the ground-truth path in the hierarchy. Note
that we do not assume that each leaf has a unique root-to-
leaf path: in DAG-structured hierarchies such as WordNet,
a synset may have multiple parents, yielding several valid
paths. HCEP explores and selects one of these paths, and
our evaluation scores the recovered support against the clos-
est among all valid root-to-leaf paths.

Classification Procedure. For each image, we compute its
CLIP embedding, and each method produces its own inter-
mediate representation: (1) OMP and HB-OMP recover a
sparse code; (2) HNN recovers a 0/1 sparse code by going
down a rooted path in the hierarchy using nearest neighbor
search at each level and record the nodes along the path in
the sparse code; and (3) CBMs produce scores for all atoms
at once by training a classifier on top of the CLIP image em-
beddings. The recovered intermediate representations are
then fed to a linear classifier trained on the training set to
predict the class labels. For NN, we directly use the class
synset embeddings to classify images without any interme-
diate representation.

Results. See the results on ImageNet (Fig. 9) and CIFAR-
100/ImageNette (Fig. 8). Across all three datasets, HB-
OMP achieves higher support precision and recall than the
other interpretable baselines, indicating more accurate re-
covery of the relevant hierarchical concepts. These gains
are more pronounced in the few-shot ImageNet setting,
where HB-OMP outperforms all interpretable baselines in
both classification accuracy and support precision/recall.

This pattern is consistent with our hypothesis that sparse
coding methods are especially helpful when concepts must
be estimated from few labeled examples: OMP and HB-
OMP only require estimating synset embeddings by aver-
aging image embeddings, whereas CBMs must learn a con-
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Figure 10. Runtime, support precision and classification accuracy
on ImageNet. All methods use 12-shot and sparsity level 14.

cept classifier from labels. This few-shot scenario is com-
mon in real-world applications where labeled data is scarce
but a pre-trained vision-language model can provide rich
embeddings. Moreover, restricting the search to hierarchi-
cally valid paths further reduces spurious atom selections,
so HB-OMP performs better than OMP in few-shot settings.

We also verified that HCEP generalizes across vision-
language models: replacing CLIP with SigLIP [72] on Im-
ageNet yields similar improvements in interpretability met-
rics (see Fig. 12).
Well-Clustered Synsets and Hierarchical Orthogonality
in Real-World Datasets. We empirically verify the geo-
metric conditions described in §3 on real-world datasets.
We focus on ImageNet [14] and use CLIP image embed-
dings as the representation space for the synsets and con-
cepts. For the well-clustered synset condition (Prop. 3.1),
Fig. 6 shows that most branches are tightly clustered and
well separated from other branches. To test the validity of
the hierarchical orthogonality condition in §3.2, we mea-
sure the cosine similarity between child-parent difference
vectors and their parent embeddings. As shown in Fig. 7
for ImageNet (see Fig. 15 for CIFAR-100), the child-parent
difference vectors are close to orthogonal to the parent vec-
tors, whereas random pairings are not.
Runtime Analysis. Fig. 10 reports a runtime analysis using
the same setting as Fig. 9. As HCEP’s beam width increases
from 1 to 32, support precision improves with only a modest
runtime overhead, enabled by parallelizing the beam-search
hypotheses on GPU.

6. Conclusion
We introduced HCEP, a geometric framework for hierar-
chical concept embeddings and a pursuit algorithm that re-
spects the structure of synset hierarchies. We analyzed iden-
tifiability requirements through well-clustered cones, hier-
archical orthogonality, and simplex structure, along with
support-recovery guarantees for Hierarchical OMP. Empir-
ically, the resulting codes deliver better support precision
and recall than interpretable baselines across synthetic and
real-world benchmarks. Our findings highlight the promise
of structured sparse coding as a scalable and flexible frame-
work for interpretable machine learning.
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